Abstract. In this paper we construct a new completely integrable system. This system is an instance of a master system of differential equations in 5 unknowns having 3 quartics constants of motion.We find via the Painlevé analysis the principal balances of the hamiltonian field defined by the hamiltonian. Consequently, the system in question is algebraically integrable. A careful analysis of this system reveals an intimate rational relationship with a special case of the well known Hénon-Heiles system. The latter admits asymptotic solutions with fractional powers in t and depending on 3 free parameters. As a consequence, this system is algebraically completely integrable in the generalized sense. 2010 Mathematics Subject Classification : 70H06, 37J35. Key words and phrases : Hamiltonian, Integrable systems.
Among recent researches, there have been many works dealing with the integrability of hamiltonian systems. In hamiltonian mechanics, for integrating a dynamical system with n degrees of freedom, it is sufficient in most cases to know only the first n integrals. This situation is known as Liouville complete integrability of a hamiltonian system. A dynamical system is algebraic completely integrable (in the sense of Adler-van Moerbeke [1, 2] ) if it can be linearized on a complex algebraic torus C n /lattice (=abelian variety). The invariants (often called first integrals or constants) of the motion are polynomials and the phase space coordinates (or some algebraic functions of these) restricted to a complex invariant variety defined by putting these invariants equals to generic constants, are meromorphic functions on an abelian variety. Moreover, in the coordinates of this abelian variety, the flows (run with complex time) generated by the constants of the motion are straight lines. Also some interesting integrable systems appear as cov-erings of algebraic completely integrable systems [4, 9, 12, 14] . The invariant varieties are coverings of abelian varieties and these systems are called algebraic completely integrable in the generalized sense. Beside the fact that many integrable hamiltonian systems have been on the subject of powerful and beautiful theories of mathematics, another motivation for its study is : the concepts of integrability have been applied to an increasing number of physical systems, biological phenomena, population dynamics, chemical rate equations, to mention only a few. However, we have no general method for testing the integrability of a given hamiltonian system. It seems still hopless to describe, or even to recognize with any facility, those hamiltonian systems which are integrable, though they are quite exceptional. In the present paper, we present an integrable system in five unknowns having two cubic and one quartic invariants (constants of motion). Also, we show that this system include in particular the well known Hénon-Heiles system.
Consider the system
.
corresponding to a generalized Hénon-Heiles hamiltonian
where A, B, ε are constant parameters and y 1 , y 2 , x 1 , x 2 are canonical coordinates and momenta, respectively. First studied as a mathematical model to describe the chaotic motion of a test star in an axisymmetric galactic mean gravitational field [7] , this system is widely explored in other branches of physics. It well-known from applications in stellar dynamics, statistical mechanics and quantum mechanics. It provides a model for the oscillations of atoms in a three-atomic molecule [5] . Usually, the Hénon-Heiles system is not integrable and represents a classical example of chaotic behaviour. Nevertheless at some special values of the parameters it is integrable; to be precise, there are known three integrables cases :
(i) ε = 6, A and B arbitrary. The second integral of motion is
(ii) ε = 1, A = B. The second integral of motion is
(iii) ε = 16, B = 16A. The second integral of motion is In the two cases (i) and (ii), the system (1) has been integrated by making use of genus one and genus two theta functions. For the case (i), it was shown [3] that this case separates in translated parabolic coordinates. Solving the problem in case (ii) is not difficult (this case trivially separates in cartesian coordinates). In the case (iii), the system can also be integrated [13] by making use of elliptic functions.
The general solutions of the equations of motion for hamiltonian (1), for the case (i) and (ii), have the Painlevé propriety, i.e., that they admit only poles in the complex time variable. For the case (ii), we found [8, 10, 11] via Kowalewski-Painlevé analysis the principal balances of the hamiltonian vector field defined by the hamiltonian and we have shown that the system is algebraic complete integrable. The affine surface defined by the two constants of motion completes into an abelian surface by adjoining a smooth genus three hyperelliptic curve D. This curve is a double cover of an elliptic curve E, ramified at four points : it defines a line bundle and a polarization (1, 2) on this abelian surface. Also, the abelian surface obtained is the dual of a Prym variety, namely Prym(D/E) ∨ and the flow of solutions of the equations of motion is linearized on abelian surface.
The present paper deals with the case (iii). The system (1) can be written in the formu
where
The functions H 1 (4) and H 2 (2) commute :
The second flow commuting with the first is regulated by the equationṡ
and is written explicitly aṡ
The invariant (or level) variety
is a smooth affine surface for generic (b 1 , b 2 ) ∈ C 2 . It was conjectured in [13] that the complex invariant variety A(5) is an affine part of an abelian variety (an algebraic complex torus). We will see that in fact the invariant surface A(5) can be completed as a cyclic double cover A of an abelian surface B. The system (3) is algebraic complete integrable in the generalized sense. Moreover, A is smooth except at the point lying over the singularity of type A 1 : X 2 + Y 2 − Z 2 = 0 and the resolution A of A is a surface of general type. When one examines all possible singularities, one finds that it possible for the variable y 1 to contain square root terms of the type t 1/2 , which are strictly not allowed by the Painlevé test. However, these terms are trivially removed by introducing some new variables z 1 , . . . , z 5 (see below), which restores the Painlevé property to the system. The system (3) admits Laurent solutions in t 1/2 , depending on three free parameters: α, β, γ and they are explicitly given as follows
These formal series solutions are convergent as a consequence of the majorant method. By substituting these series in the constants of the motion H 1 = b 1 and H 2 = b 2 , i.e.,
one eliminates the parameter γ linearly, leading to an equation connecting the two remaining parameters α and β :
which is nothing but the equation of an algebraic curve D of genus four along which the u(t) ≡ (y 1 (t), y 2 (t), x 1 (t), x 2 (t)) blow up. To be more precise D is the closure of the continuous components of
i.e.,
The Laurent solutions restricted to the surface A(5) are parameterized by this curve D.
We show that the system (3) is part of a new system of differential equations in five unknowns having two cubic and one quartic invariants (constants of motion). By inspection of the expansions (6), we look for polynomials in (y 1 , y 2 , x 1 , x 2 ) with a simple pole. Let
be a morphism on the affine variety A(5) where z 1 , . . . , z 5 are defined as
The morphism (7) maps the vector field (3) into a Liouville integrable system (8) in five unknowns having two cubic and one quartic invariants. Indeed, the change of variables (7) 
is a skew-symmetric matrix for which the corresponding Poisson bracket satisfies the Jacobi identities. The system (8) can be written aṡ
where H = F 1 . The second flow commuting with the first is regulated by the equationsż
These meromorphic solutions restricted to the surface B(9) can be read off from (6) and the change of variable (7) . Following the methods in [1, 2, 11] , one find the compactification of B into an abelian surface B, the system of differential equations (8) is algebraic complete integrable and the corresponding flows evolve on B. Applying the method explained in Piovan [20] (see also [9] ), we show that the invariant surface A(5) can be completed as a cyclic double cover A of an abelian surface B. The system (3) is algebraic complete integrable in the generalized sense. Moreover, A is smooth except at the point lying over the singularity of type A 1 : X 2 + Y 2 − Z 2 = 0 and the resolution A of A is a surface of general type. We have shown that the morphism ϕ (9) maps the vector field (4) into an algebraic completely integrable system (8) in five unknowns and the affine variety A (5) onto the affine part B (9) of an abelian variety B. This explains (among other) why the asymptotic solutions to the differential equations (3) contain fractional powers. In this paper we have shown that the Hénon-Heiles (third case) equations are part of a system of differential equations in five unknowns having three constants of motions. We have seen that this new system is Liouville integrable but we do not know physical interpretation for this system and it may be possible to have links with other systems (in addition to Hénon-Heiles) with applications in physics among other. The integrable dynamical system presented here is an interesting example, particular to experts of abelian varieties who may want to see an explicit example of a correspondence for varieties defined by different curves.
